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Analyzed is the genera l  methodology of solving p r o b l e m s  in t r ans ien t  heat  conduction in 
plane f in i te- length and infinitely long wedges under  va r ious  boundary conditions with r e -  
spect  to heat  t r a n s f e r  at the s u r f a c e s .  Closed solutions a re  obtained for  specia l  c a se s .  

P r o b l e m s  of t r ans ien t  heat  conduction in an infinitely long wedge under  constant  boundary t e m p e r a -  
tu res  have been solved in [1-4]. With the aid of the K a n t o r o v i c h - L e b e d e v  in tegra l  t r ans format ion ,  t h e  
p r o b l e m  was analyzed in [6, 7] with boundary conditions of the f i r s t  kind and the third kind with r e spec t  to 
hea t  t r ans fe r ,  but with the solut ions l imited in t e r m s  of the wedge angle and, bes ides ,  r a t he r  unwieldy for  
n u m e r i c a l  computat ions .  A s i m i l a r  p r o b l e m  was cons idered  in [8], but there  the author inaccura te ly  f o r -  
mula ted  the boundary conditions of the third kind with r e spec t  to heat  t r a n s f e r  at  the wedge su r f aces .  

Very  re levant ,  in the p rac t i ca l  sense ,  is an analys is  of t r ans ien t  t e m p e r a t u r e  f ields in a plane wedge 
when the t e m p e r a t u r e s  at its boundar ies  a r e  va r i ab le  in t ime and in space .  The st ipulat ion of such bound- 
a r y  conditions makes  it poss ib le  to analyze the t h e r m a l  s ta te  of a wedge e lement  under  actual  or  ve ry  
nea r ly  actual  conditions of heat ing and cooling. A st ipulat ion of boundary conditions of the f i r s t  kind with 
r e s p e c t  to heat  t r ans fe r ,  i .e. ,  a s t ipulat ion of boundary t e m p e r a t u r e s , m a k e s  it poss ib le  to c o r r e l a t e  the 
ca lcula ted  t e m p e r a t u r e  field with thermocouple  readings  over  the boundary s u r f a c e s .  Thus,  solutions 
obtained under  boundary conditions with r e s pec t  to heat  t r a n s f e r  which va ry  in t ime and space  can be ap-  
plied d i rec t ly  to the analys is  of the t he rm a l  s tate  in a wedge spec imen  under  actual  heating and cooling 
condit ions.  

In this study the authors  use  the G. A. Gr inberg  method to a r r i v e  at a solution for  a wedge with any 
angle and bounded by a c i r c u l a r  a r c  of radius  r = R, a lso  for  an infinitely long plane wedge where the bound- 
a ry  conditions of the third kind with r e s p e c t  to heat  t r a n s f e r  va ry  with t ime and along the radius .  

We cons ider  a plane homogeneous  wedge with an a r b i t r a r y  angle o~ (0 -< ~ <- o~) and bounded by a c i r -  
cu la r  a r c  of radius r = R (0 -< r -< R) (Fig. 1), The t e m p e r a t u r e s  at the wedge boundar ies  ga = 0 and go = o~ 
a r e  specif ied as known functions of the coordinate  r and t ime  ~-, while the heat  t r a n s f e r  at the boundary r 
= R to a med ium at a 7ero r e fe rence  t e m p e r a t u r e  follows Newton's  Law with ~ denoting the re la t ive  coeff i -  
cient  of heat  t r a n s f e r .  F o r  s impl ic i ty ,  the init ial  t e m p e r a t u r e  will be a s sumed  constant  and equal to t 0. 

0 ~ r ' = R  
Fig. 1. Choice of coordinate  
s y s t e m  for  a wedge bounded 
by a c i r c u l a r  a r c .  

The p r o b l e m  of de te rmin ing  the t e m p e r a t u r e  field of a bounded 
wedge reduces  to in tegrat ing the d i f ferent ia l  equations of t rans ien t  heat  
conduction [9]: 

Or(r, ~, ~) 2[ O~t 1 O/ 1 02___t_t ") 
at  = a ~ r ~  + - 7 - .  0-7- + r ~ " o~ ~ ~ (1) 

with the initial  conditions 

t(t:, % O) = t o = const (2) 
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and the boundary conditions 

t(r, 0, 9 = t~(r, 9 ,  (3) 
t(r, ~, x ) =  to (r, ~), 

Of 
- -  + •  at r = R .  (4)  
Or 

The condition of boundedness of the t empera tu re  t(r, ~, ~) at r ~ 0 en te r s  he re  natura l ly .  The symbols 
in (1)-(4) are  conventional [9]. 

We establ ish a sys t em of eigenfunctions with respec t  to the angular  coordinate  q~, or thonormal ized  
on the in terva l  [0, a], which will r e p r e s e n t  the solution to the S t u r m - L i o u v i l l e  homogeneous sys tem in the 
fo rm [5] 

dT ~,~ ((9) = sin (m + I) z~ a q~ (m-- O, 1, 2 . . . .  ). (5) 

The solution to the original  equation (1) will be expressed  in t e rms  of a s e r i e s  expansion with r e spec t  to 
eigenfunctions (5)  

/(r, % x) = ~ fro(r, ~)(D~(q 9. (6) 
m~0 

Then, fo r  the coeff ic ients  in (6) we obtain the following d i f fe rent ia l  equations 

Ot . . . .  a.(O2t,,: _, ! 0.%~ v 2 ) _ _  . t~  -+ -Y~ (7 )  
O~" OF r Or r ~ 

with the initial condition 

,0 
0 ) =  �9 W -  [t + ( - -  1)"] tin(r, 

and the boundary condition on the c i r c u l a r  a re  r = R 

0/,~ :~ xt,,, = 0. 
Or 

Here  
(m + i) n 

a2v 
Fm(r' "~) ----- V - - ~ -  r ~ [~1 (r '  T ) T '  (--l)rn{2(Y, T)]. 

(s) 

(9) 

(10) 

For  the boundary-value problem (7)-(9) we will use the finite Hankel in tegra l  t r ans format ion  with respec t  
to var iable  r, which is defined according to [10] as follows: 

R 
Tm (s ~) = S rtm(r' ~) J~ (s dr, (11) 

0 
with Xk denoting the posit ive roots  of the cha rac t e r i s t i c  equation 

s  (zR) + • (s = 0. (12) 

The inverse  t r ans fo rm of (11) is [10] 

2 ~ J~(s . T,~(k~, x), (13) 

with summat ion over  all roots  of Eq. (12). 

The use of the integral  Eq. (11) in the problem (7)-(9) leads to a nonhomogeneous ord inary  d i f feren-  
t ial  equation with r e spec t  to function Tm()~k, ~-), which is solved by an inverse  Hankel t r ans fo rmat ion  ac-  
cording to (13) and yields the sought t empera tu re  field in a bounded wedge: 

/ - ' -2-  ~ (m-? I)~ 2 ~_~ ] , ( s  
t(r, % x ) =  l /  ~ s in q~ - -  ,, 

m~O 

1 It, (r, u) + (-- l)'n t2 (r, u)] Jv (s r) dr exp [-- a22~ (z X a~v -7- 
0 0 
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�9 V-[1 + ( - - 1 )  '~] rJ~{~r)drexp ( - - a ~ )  . 

0 

(14) 

As an example,  we will now cons ider  the case of boundary t empera tu res  varying l inear ly  with time: 

t (r, O, ~c) = t~ (r, ~) = to + v~, 
(15) 

t(r,a,~)=&(r,~)=t 0+v~. 
For  s implici ty,  we assume that heating occurs  symmet r i ca l l y  with respec t  to the wedge angle b i sec to r .  

Pe r fo rming  the appropr ia te  t rans format ions  by the descr ibed  procedure ,  we obtain the t empera tu re  
field of a bounded wedge under  conditions (15): 

2V2  " ~ _ ,  J~(~.~r) sin (m + 1)~ 

~ a~, ~ [1 - -  exp ( .  a~X~ ~l + ;~]Q~ (Zu) - -  v'Q~ (~,~) 

where  

Qx (%D ~ v f - T -  [1-F(--1)m] [(~ -- 2)~,uRJ~(~aR)S_%v_I(E~R)--XkRJ~_x (7~uR)S_x,~(~uR) -+- + ] ; 

(17) 
R j~ ~ (XhR) S~,~ (7.~) + - -~  q~(~) = [I + (-- ~)~l ~ J,(~) s0,~_~ (~) -- ~ . 

Here Sx,y(Z ) are Lommel functions [II, 12]. 

Of practical significance is the case where the boundary conditions at the wedge edges are given as 

t x(r, '~) = & ( r ,  "~) = (t o-+-v'~) 1 - -  R----- ~ , (18)  

i .e. ,  when the boundary t empe ra tu r e s  dec r ea se  parabol ical ly  (second-degree  parabola  with the p a r a m e t e r  
c) along the radius (with distance f rom the wedge point) and l inear ly  with t ime.  The t empera tu re  field in 
this case  will be 

I v [QI (~h) R ~ -- cQu (Xk)l w [R2Q1 (Xh) -- cQz (~k)l (I -- e -a'~ ) 

+ (~,~R s + vac) Q2 (Xh) -- ~R'Qx (Xa) --a'~'~ } 
vX~R ~ toe , (19) 

where,  as before,  Ql()~k) and Q2(Xk) are  de termined  f ro m  (17). 

The descr ibed  method of solving t rans ient  heat conduct ionproblems in wedges can be effect ively ap- 
plied to the solution of analogous problems involving an infinitely long plane wedge with var iable  boundary 
conditions of the f i r s t  kind with respec t  to heat t r ans f e r .  For  the case  of an infinitely long wedge, R --" % 
modifications of this method consis t  only in per forming  the Hankel integral  t r ans format ion  (11) with the 
limit on var iable  r moved to infinity [11]: 

T,~ Q,, ~) = i r& (r, "0 J~ (~,r) dr (20) 
0 

and the inverse  t r ans format ion  

t m (r, ~) =, .I XTr" (~'' z) Jv Q,r) dE. (21) 
0 

Let  now the boundary t empera tu re s  of a wedge va ry  l inear ly  with t ime and exponentially along the 
radius r ,  i .e . ,  

t (r, O, I:) = t1 (r, "0 = (to + v~)e--~ ~', (22)  

t (r, a ,  ~) = & (r, ~) = (t o + v x ) e ' w ' .  
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The initial temperature  will be assumed to decrease  exponentially along the radius r: 

t (r, % O) t e-v '~ 

tn  = 0 , 2 , 4  . . .  

- -  16va2r(v) (v-- 1) (v--2) q- "r 1) (v+l) @+2) 

rVVT- = ( +  q-k lP q-k (47)'-' 
- - Z  i [ (  _ _  ,+ , ;  

2"a~vr (v) k! (v +" k) (4a27~ + I) v+k to~ v q- k 1 7r 2 �9 2 ' 4a27~c -q-, 1 
k = 0  

Then the temperature field of an infinitely long plane wedge under the given conditions will be 

2 . ( t ~  A(v) 
t (r, % ~ )  = - -  ~. 

4v2F (v) 

Here 

__ vr(v + k - -  1)(4a27~ + 1) r [~_}_k 3._3 
167~F (v + k) [ 2 

r 2 

+ 2"+2r (2v) (a ~ ~-)" (V 4a~vT + 1 ).+2 

4aU~ (4a~7~ q- I) . 

, v q- 1 ; 4a2?T Zr- 1 

sin vq~. 

F (v -- 1) 2vr (v q- 1) r (v q- 3) 
A (v) = �9 + + 

(v--1) F ( + - - I )  (ve--1) F ( + )  ( v + l ) P ( 2 q - I ) '  

F(z) is the gamma function, and r y; w) is the degenerated hypergeometr ica l  function in [12]. 

(23) 

The resulting expressions (16) and (19) for the temperature  field of a bounded plane wedge and (23) 
for an infinitely long plane wedge comprise ser ies  of known tabulated functions and can, therefore,  be used 
for analyzing the thermal  state of a wedge under given boundary conditions with respect  to heat t ransfer .  
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